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Examples of  research objectives  

in efficiency analysis 

• Identifying the best / worst performing systems 

 

• Comparing systems through ordinal efficiency 

rankings 

 

• Estimating the inefficiency loss / efficiency 

improvement potential on cardinal scale (e.g., €) 

 

• Explaining efficiency differences across systems and 

over time by operational conditions and practices 

  



Applications of  efficiency analysis 

Different industries and sectors: 

• Agriculture, aquaculture, forestry 

• Banks and other financial institutions 

• Education 

• Energy production and distribution 

• Environment (eco-efficiency) 

• Health care 

• Public services 

• Transportation 

• Utilities 

 and many others… 



Applications of  efficiency analysis 

Different levels of  aggregation: 

• Individuals, teams 

• Plants, other production units 

• Firms (both for profit and non-profit)  

• Industries and sectors 

• Countries (total factor productivity and its components) 

 

Different disciplines: 

• Economics 

• Operations research and management science 

• Statistics 

• Interdisciplinary and multidisciplinary fields (e.g., ecological 

economics, education research, public administration, …) 

=> Systems analysis 



Two main approaches to efficiency analysis 

Data envelopment analysis (DEA):  

Charnes, Cooper & Rhodes (1978), Banker, Charnes & Cooper (1984) 

• Main domain: Operations research 

• Engine: Linear programming 

• Main advantage: Nonparametric approach (avoids functional form 

assumptions) 

• Main disadvantage: Deterministic approach (ignores noise)  

 

Stochastic frontier analysis (SFA): 

Aigner, Lovell & Schmidt (1977), Meeusen and Vanden Broeck (1977) 

• Main domain: Econometrics 

• Engine: Regression analysis 

• Main advantage: Probabilistic approach (models noise explicitly) 

• Main disadvantage: Parametric assumptions (functional form, 

probability distributions)  

 

 



Modern synthesis: a unified model 

where 

y is the output 

 

f  is the frontier production function 

x is the vector of  inputs  

 

u is an asymmetric inefficiency term 

v is a random noise term 

  ( )y u vf x



Modern synthesis: a unified model 

where 

y is the output 

 

f  is the frontier production function 

x is the vector of  inputs  

 

• DEA approach: nonparametric f that satisfies the axioms of  free 

disposability, convexity (and constant returns to scale). No specific functional 

form assumed.   

 

u is an asymmetric inefficiency term 

v is a random noise term 

 

• SFA approach: u is a random variable an asymmetric distribution (e.g., half-

normal, exponential). v is normally distributed with zero mean.  

  ( )y u vf x



Why the standard DEA or SFA cannot estimate the 
unified model consistenly?  

DEA can deal with joint production of  multiple outputs, but  

• Under noise (v) DEA is inconsistent and biased  

• Bias can be positive or negative (in an unknown way)  

• Bootstrap does not help (it accounts for sampling error only, not for noise)  

• Robust quantile-type DEA frontiers do not help (all data points are noisy) 

• Chance constrained DEA: just wishful thinking? 

 

SFA model can be formulated using parametric distance function, but  

• the usual functional forms (CD, translog) have a wrong curvature 

• Output sets are unbounded and non-convex (economies of  specialization). 

• Logical inconsistency: why joint production occurs if  there are economies of  

specialization?  



Modern synthesis: Estimation 

Stepwise estimation procedure: 

1) Estimate the conditional mean  

 E(y|x) = f(x) – E(u) 

 by nonparametric regression (CNLS, kernel regression) 

 

2) Estimate E(u) based on the residuals e of  Step 1) by 

the method of  moments, quasilikelihood, or  

 nonparametric kernel deconvolution. 

 Frontier estimator: fEst
 (x) = E(y|x) + E(u) 

 

3)  Efficiency estimator: conditional mean E(u|e)   
 

  ( )y u vf x



Illustrative example 
Kuosmanen & Kortelainen (2012) J. Prod. Anal. 



Convex nonparametric least squares (CNLS) 

 
Univariate convex regression 

• Hildreth (1954) Journal of  the American Statistical Association 

• Hanson and Pledger (1976) Annals of  Statistics 

 

Multivariate CNLS estimator and its connection to DEA 

• Kuosmanen (2008) Econometrics Journal 

• Kuosmanen & Johnson (2010) Operations Research 

 

Statistical properties 

• Groeneboom, Jongbloed & Welner (2001a,b) Annals of  Statistics 

• Seijo & Sen (2011) Annals of  Statistics 

• Lim & Glynn (2011) Operations Research 

 

Computational algorithms 

• Lee, Johnson, Moreno-Centeno & Kuosmanen (2013) European Journal of  

Operational Research 



Stochastic nonparametric envelopment of  data (StoNED) 

Basic models and the step-wise estimation strategy: 

• Kuosmanen & Kortelainen (2012) Journal of  Productivity Analysis 

 

Contextual variables z: 

• Johnson & Kuosmanen (2011) Journal of  Productivity Analysis 

• Johnson & Kuosmanen (2012) European Journal of  Operational Research 

 

Non-convex StoNED: 

• Keshvari & Kuosmanen (in press) European Journal of  Operational Research 

 

Quantile frontiers: 

• Wang, Wang, Dang & De (in press) European Journal of  Operational Research 

 

MC simulations: 

• Andor & Hesse (in press) Journal of  Productivity Analysis 



StoNED applications  

 
Agriculture 

• Kuosmanen & Kuosmanen (2009) Agricultural and Food Science 

 

Banking: 

• Eskelinen & Kuosmanen (in press) Journal of  Banking and Finance 

 

Energy:  

• Mekaroonreung & Johnson (2012) Energy Economics 

• Kuosmanen (2012) Energy Economics 

• Kuosmanen, Saastamoinen & Sipiläinen (in press) Energy Policy 

• Dai & Kuosmanen (2014) Omega 

 



Avenues for further research 
Kuosmanen & Kortelainen (2012) J. Prod. Anal. 

 
§1. Adapting the known econometric and statistical methods for dealing 

with heteroskedasticity, endogeneity, sample selection, and other potential 

sources of  bias, to the context of  CNLS and StoNED estimators. 

§2. Extending the proposed approach to a multiple output setting. 

§3. Extending the proposed approach to account for relaxed concavity 

assumptions (e.g., quasiconcavity). 

§4. Developing more efficient computational algorithms or heuristics 

for solving the CNLS problem. 

§5. Examining the statistical properties of  the CNLS estimator, 

especially in the multivariate case. 

§6. Investigating the axiomatic foundation of  the CNLS and StoNED 

estimators. 

 



§7. Implementing alternative distributional assumptions and estimating 

the distribution of  the inefficiency term by semi- or nonparametric 

methods in the cross sectional setting. 

§8. Distinguishing time-invariant inefficiency from heterogeneity across 

firms, and identifying inter-temporal frontier shifts and catching up in 

panel data models. 

§9. Extending the proposed approach to the estimation of  cost, 

revenue, and profit functions as well as to distance functions. 

§10. Developing a consistent bootstrap algorithm and/or other 

statistical inference methods. 

§11. Conducting further Monte Carlo simulations to examine the 

performance of  the proposed estimators under a wider range of  

conditions, and comparing the performance with other semi- and 

nonparametric frontier estimators. 

§12. Applying the proposed method to empirical data, and adapting the 

method to better serve the needs of  specific empirical applications.” 

 



Avenues for further research: work in progress 

§1. Adapting the known econometric and statistical methods for dealing 

with heteroskedasticity, endogeneity, sample selection, and other potential 

sources of  bias, to the context of  CNLS and StoNED estimators. 

(Johnson, Kuosmanen & Saastamoinen, Handbook of  DEA Vol 2) 

§2. Extending the proposed approach to a multiple output setting. 

(Kuosmanen, Johnson & Parmeter, J. Econometrics, subm) 

§3. Extending the proposed approach to account for relaxed concavity 

assumptions (e.g., quasiconcavity). (Keshvari & Kuosmanen,  EJOR) 

§4. Developing more efficient computational algorithms or heuristics 

for solving the CNLS problem.  

§5. Examining the statistical properties of  the CNLS estimator, 

especially in the multivariate case. (Seijo & Sen, 2011, Annals Stat., Lim 

and Glynn, 2011, Oper. Res.) 

§6. Investigating the axiomatic foundation of  the CNLS and StoNED 

estimators. 



§7. Implementing alternative distributional assumptions and estimating 

the distribution of  the inefficiency term by semi- or nonparametric 

methods in the cross sectional setting. (Kuosmanen, Johnson & Parmeter, 

J. Econometrics, subm) 

§8. Distinguishing time-invariant inefficiency from heterogeneity across 

firms, and identifying inter-temporal frontier shifts and catching up in 

panel data models. 

§9. Extending the proposed approach to the estimation of  cost, 

revenue, and profit functions as well as to distance functions. 

§10. Developing a consistent bootstrap algorithm and/or other 

statistical inference methods. 

§11. Conducting further Monte Carlo simulations to examine the 

performance of  the proposed estimators under a wider range of  

conditions, and comparing the performance with other semi- and 

nonparametric frontier estimators. (Andor and Hesse, J. Prod. Anal.) 

§12. Applying the proposed method to empirical data, and adapting the 

method to better serve the needs of  specific empirical applications.” 

 



§7. Implementing alternative distributional assumptions and estimating 

the distribution of  the inefficiency term by semi- or nonparametric 

methods in the cross sectional setting. (Kuosmanen, Johnson & Parmeter, 

J. Econometrics, subm) 

§8. Distinguishing time-invariant inefficiency from heterogeneity across 

firms, and identifying inter-temporal frontier shifts and catching up in 

panel data models. 

§9. Extending the proposed approach to the estimation of  cost, 

revenue, and profit functions as well as to distance functions. 

§10. Developing a consistent bootstrap algorithm and/or other 

statistical inference methods. 

§11. Conducting further Monte Carlo simulations to examine the 

performance of  the proposed estimators under a wider range of  

conditions, and comparing the performance with other semi- and 

nonparametric frontier estimators. (Andor and Hesse, J. Prod. Anal.) 

§12. Applying the proposed method to empirical data, and adapting the 

method to better serve the needs of  specific empirical applications.” 

 



§7. Implementing alternative distributional assumptions and estimating 

the distribution of  the inefficiency term by semi- or nonparametric 

methods in the cross sectional setting. (Kuosmanen, Johnson & Parmeter, 

J. Econometrics, subm) 

§8. Distinguishing time-invariant inefficiency from heterogeneity across 

firms, and identifying inter-temporal frontier shifts and catching up in 

panel data models. 

§9. Extending the proposed approach to the estimation of  cost, 

revenue, and profit functions as well as to distance functions. 

§10. Developing a consistent bootstrap algorithm and/or other 

statistical inference methods. 

§11. Conducting further Monte Carlo simulations to examine the 

performance of  the proposed estimators under a wider range of  

conditions, and comparing the performance with other semi- and 

nonparametric frontier estimators. (Andor and Hesse, J. Prod. Anal.) 

§12. Applying the proposed method to empirical data, and adapting the 

method to better serve the needs of  specific empirical applications.” 

 



Conclusions  
 

Modern synthesis of  efficiency analysis 

• Combines the main advantages of  axiomatic DEA and 

probabilistic SFA in a unified framework 

• Multidisciplinary approach: combined use of  tools and 

techniques from Economic theory (axiomatic production 

theory and duality), Operations research (math 

programming), Econometrics and Statistics (kernel 

regression, kernel deconvolution) 

• Provides interesting avenues for future research 
 

 



Historical roots of  DEA in Economics 

Activity analysis and general equilibrium: 

• Von Neumann (1945), Rev. Econ. Stud. 

• Koopmans (1951), Cowles commission 

• Debreu (1953), Econometrica 

 

Axiomatic production theory and duality: 

• Shephard (1953) (1970), books 

• McFadden (1978), book 

 

Efficiency analysis of  firms: 

• Farrell (1957), J. Royal Stat. Soc. Ser. A 

• Farrell and Fieldhouse (1962), J. Royal Stat. Soc. Ser. A 

• Afriat (1972), Int. Econ. Rev. 

 



Historical roots of  SFA 

Estimation of  production functions: 

• Cobb & Douglas (1928), Amer. Econ. Rev. 

• Christensen, Jorgensen & Lau (1973), Rev. Econ. Stat. 

 

Growth accounting: 

• Solow (1957), Rev. Econ. Stat. 

 

Parametric programming: 

• Aigner & Chu (1968), Amer. Econ. Rev. 

• Afriat (1972), Int. Econ. Rev. 

 

Corrected OLS: 

• Winsten (1957), J. Royal Stat. Soc. Ser. A 

• Richmond (1974), Int. Econ. Rev. 

• Gabrielsen (1975) 



Modern synthesis: Estimation 

Alternative methodological approaches: 

• Maximum likelihood 
– Banker & Maindiratta (1992), J. Prod. Anal. 

• Kernel regression 
– Fan, Li & Weersink (1996), J. Bus. Econ. Stat. 

• Convex nonparametric least squares (CNLS) 
– Kuosmanen (2008), Ectr. J. 

– Kuosmanen and Johnson (2010), Oper. Res. 

– Kuosmanen and Kortelainen (2012), J. Prod. Anal. 

 

• Kernel deconvolution 
– Hall & Simar (2002), J. Amer. Stat. Soc. 

– Horrace and Parmeter (2011), J. Prod. Anal. 

  ( )y u vf x


